The purpose of this work is to present a new approach to solve some problems in differential subordination theory. We also discuss the new results closely related to the generalized Briot-Bouquet differential subordination. MSC: Primary 30C45; secondary 30C80
Introduction
Let H denote the class of all analytic functions in the unit disc D = {z : |z| < } in the complex plane C. Recall that a set E ⊂ C is said to be starlike with respect to a point w  ∈ E if and only if the linear segment joining w  to every other point w ∈ E lies entirely in E, while a set E is said to be convex if and only if it is starlike with respect to each of its points, that is, if and only if the linear segment joining any two points of E lies entirely in E. A univalent function f maps D onto a convex domain E if and only if [] Re  + zf (z) f (z) >  for all z ∈ D, (.) and then f is said to be convex in D (or briefly convex). Let A denote the subclass of H consisting of functions normalized by f () = , f () = . We denote by K the set of all functions f ∈ A that are convex univalent in D. We say that f ∈ A is convex of order α,  ≤ α < , when
Functions that are convex of order α were introduced by Robertson in []. For two analytic functions f , g, we say that f is subordinate to g, written as f ≺ g, if and only if there exists an analytic function ω with property |ω(z)| ≤ |z| in D such that f (z) = g(ω(z)). In particular, if g is univalent in D, then we have the following equivalence:
The idea of subordination was used for defining many of classes of functions studied in geometric function theory. The following lemma will be required in our present investigation.
and are such that
Let ψ ∈ Q with ψ() = a, and let
for which
To prove the main results, we also need the following lemma, which is a generalization of a result due to Nunokawa [, ].
Lemma . Let p(z) be a function analytic in z
where
where p(z  ) /ϕ = ±ia and a > .
Main results

Theorem . Let B(z) and C(z) be analytic in D with
Im C(z) < Re B(z) . (  .  )
If p(z) is analytic in D with p() = , and if
then we have
(  .  )
Proof By Lemma ., if Re{p(z)} >  does not hold for all z ∈ D, then there exists a point
and
where p(z  ) = ±ia and a > .
For the case p(z  ) = ia, a > , we are going to show that
We have
This contradicts (.). For the case p(z  ) = -ia, a > , the proof runs as in the first case.
Remark . Theorem . improves a result obtained by Miller and Mocanu [, p.].
Corollary . Let g(z) be analytic in D with g() =  and |Im{zg
(z)/g(z)}| < . If f (z) = z + · · · is analytic in D and arg g(z)f (z) < π  + v(z), z ∈ D, where v(z) = arg{i +  -zg (z)/g(z)} when arg{i +  -zg (z)/g(z)} ∈ [, π/], arg{i +  -zg (z)/g(z)} -π/ when arg{i +  -zg (z)/g(z)} ∈ (π/, π],
then we have
Moreover, (.) becomes
Hence, applying Theorem ., we obtain (.) immediately.
Theorem . Let B(z) and C(z) be analytic in D with
Re C(z) B(z) ≥ -, z ∈ D. (  .   )
If p(z) is analytic in D with p() = , and if
for some s ≥ . Then, by (.), we have
which contradicts (.). Therefore, |p(z)| <  in D.
Theorem . Let B(z) and C(z) be analytic in D with
Im C(z) B(z) ≥  |B(z)| , z ∈ D. (  .   )
If p(z) is analytic in D with p() = , and if
Proof Applying the same method as in the proof of Theorem ., we have
By (.), we have 
Theorem . Let p(z) be analytic in D with p() =  and
Then we have
where α < . 
